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partitioned in disjoint cells inside which the total magnetization is the same for all the states with mutual overlap q. For this same family of states we then define an « ancestor » that has, inside each cell, constant local magnetization equal to the average magnetization of the descendants. The ancestors satisfy mean field like equations. The functional dependence of the local magnetization in terms of the local field is given by the solution of the diffusion equation in x space which is given a purely static interpretation.
Introduction.
Recent progress in the study of the mean field theory of spin glasses is related to the physical interpretation of replica symmetry breaking (R.S.B.) as describing the breaking of ergodicity and the existence of many pure equilibrium states in the spin glass phase. It was shown by Parisi [1] that the order parameter function q(x) which he introduced for describing R.S.B. is related to the distribution of the overlaps (which measure the distances in phase space) between these equilibrium states.
The nature of the spin glass phase is best understood by looking at the geometry of the space of equilibrium states. It was found that this space has a special hierarchical topology characterized by ultrametricity [2] , and that the detailed structure of the (+) On leave from Laboratoire de Physique Theorique, Ecole Normale Superieure, Paris, France. (*) Also INFN, Sezione di Roma.
space, for instance the order parameter function, is not self-averaging, which means that it depends on the special realization of the couplings in the sample, even in the thermodynamic limit [2, 3] . The ultrametric topology of the space of equilibrium states of a spin glass deserves special attention. Such an organization might exist in other systems with frustration and disorder, and it should have consequences in such fields as optimization problems [4] or neural networks [5] . In spin glasses it was found by a direct inspection of the triangles in the space of equilibrium states (all triangles turn out to be either equilateral or isoceles with a shorter third side, which is characteristic of ultrametric spaces), but its physical interpretation (how do the local magnetizations at site i in state a, ma, manage to build up such a strange space ?) was not exhibited This paper is devoted to the understanding of this microstructure.
A simple representation of an ultrametric space is a genealogical tree (Fig.1) . The (were ( 0 ) is the Gibbs average, decomposed as a sum over pure states [1] , and ( ) denotes the average over the random couplings), and many quantities, among which the weights Pa, depend on the state a, and on the sample [2, 6] . However we will look for quantities which are both sample independent (self averaging) and state independent (we shall call them reproducible). It turns out that many observables are reproducible (a general sufficient criterion for reproducibility will be given in (14) ), among which : can then be computed by the replica method, along lines similar to those introduced by Parisi [1] . [7] [8] [9] . The where Qab is a n x n symmetric matrix determined by a saddle point condition. In the following we shall always use the form of Qab found by Parisi [10] , which describes replica symmetry breaking in the sense that the matrix elements Qab are not all equal. This R.S.B. scheme has been shown to be stable [11] , and gives results in agreement with all the numerical computations on the S.K. model today [12, 13] . Our precise notations for Qa6 are the standard ones, as described for instance in [2] . In (11) The average in (17) can then be computed by any method of statistical mechanics, for instance by Monte Carlo [12] . Here we shall use the replica method to do the average over the disorder in (17) . The systems 1,..., k are any systems among n, and one should average over the different choices [14] . This gives :
where the a is a sum over the indices ar
with the constraint that all the indices be different from each other.
Formulae (17) to (19) where H(Q, Q) is the one site Hamiltonian defined in (12) .
The contribution to A from each triplet of replica indices al, a2, a3 satisfying the constraints QQIQ2 = q2, Qala3 = q, is the same, we call it A2.
Using we obtain : with Q,s = Q2' Qrt q 1 · The first term is simply the probability of finding 3 states with specified overlaps :
In the second term we take the limits No 00, n --+ 0.
Using :
we find :
The factorization A = A1 A2 is an example of the general factorization valid for all 1/N dominant observables as announced in (15 [10, 15, 7, 8, 9 ] can be more easily described if we change the labelling of the replicas using M = 3 (number of branching levels) indices instead of just one (see Fig. 2 ) : whitey=(l,l,l);s=(l,l,2);t= (1, 2, 1).
Then :
To calculate the trace over the Q we use the Hubbard Stratanovich transformation for each of the terms in (32). We introduce :
so that :
The Tr{,,,,VW) } is equal to :
The integrations over the y's are done in successive steps, going up the tree in figure 2 . At the first step we integrate over n/n2 variables, the yu2v. We get :
with :
At the second step we integrate over the yl) and get :
The final step is to integrate over y(O). The appearance of the diffusion kernel :
shows that the calculation can be seen as the result of a branched diffusion process along the tree. This mathematical interpretation is useful to extract the general rules that allow one to arrive to a formula like (38) reading it directly from the tree :
a) The whole tree is an operator which acts on n functions of y to produce a single function of y ; b) Each oriented line on the tree joining two branching points situated at overlaps qk, qk -, acts on one function of y at qk to produce one function at qk _ 1: c) At each branching point the functions arriving to it are simply multiplied at the same value of y ; d) At the lower end we begin either from cosh fly. tanh fly for those replicas whose spin average value are calculated, cosh fly for the rest; e) At the upper end we identify y = h (external magnetic field). These rules are sufficient to do all computations of one site averages. However in practice they can be simplified, and the limit n -+ 0 (tree with 0 branch !) can be taken more explicitly, through the following reformulation.
In a given computation of« fTll ... ak », there is always a finite number k of privileged replica indices, and k remains finite even when n -0.
We call privileged branches those to which the privileged replica indices are attached (see Fig. 3 ). Climbing up these privileged branches means going through a new diffusion process (which is the diffusion process we defined before, interrupted at each step by the grafting of normal branches), until two or more privileged branches join. Once one has identified this new diffusion process, one is able to take the limit n -0 explicitly, since one can work only on the « backbone » of the tree formed of the (finite number oo privileged branches.
As we saw before, a normal branch is an operator which acts on the initial function and gives at each new level when climbing up the tree a new function, with the recursion relation One can take explicitly the limit n -0, in which case the inequalities n = no &#x3E; nl ... &#x3E; nM &#x3E; 1 must be reversed : 0 = xo x, ... , xm 1. (We keep the notation xi for the value of ni in the n -0 limit, so that 0x 1.) The evolution along a privileged branch is inferred directly from the general rules a) to e) given above. Going from level k to k -1, there is a grafting of nk-t!nk - 1 We claim that to each of the N sites of the lattice can be given a value of the parameter y. This is not obvious at this point and will be proven below through the analysis of the « ancestor state ». It will appear even more evident in section 4. Let us now examine the consequences of this assertion : The different cells ek are shared by all the states which are equidistant at distance Q. In the ultrametric tree of the states, a partition of cells is associated with each branching at the scale Q (points A, A' ... of Fig. 1 and a self overlap equal to Q, the level of the tree where the point A lies :
There is in fact a way to obtain the ancestor state from its descendants : it can be shown using the methods of [2] that the number of descendants of a particular ancestor A at a finite Aq is always infinite in the thermodynamic limit. Hence it is always possible to choose a family F of JW descendents of A, al, ..., (Xx' which are all equidistant at distance Q, with N &#x3E;&#x3E; 1 al, a2, (Xg such that tfl'2 = q"'"3 = Q, q"2"3 = Q'. The correlation of local magnetizations in these three states depends only on Q and Q', it can be written as :
where G(Q, Q', y, y') is the integral kernel associated with the evolution operator TQIQI defined in (45).
This formula, which can be obviously generalized to the correlations of any k states at distances Q, 1 states at distance Q' shows that : -At the scale Q' &#x3E; Q, any cell Cy of the scale Q can be cut into subcells Cy,y,.
The probability that a site in the cell Cy be in a definite subcell Cy,y, is : The discretization we were referring to above is simply the discretization of the Langevin's equation. [19] . For 
